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de finition
+heocem

Logic.

D) A Motemokicol statenent (Grue or false): propesiion

A) FAF=F, FvF=F

2) FAG= GAF, Fvez GVF
3) fFa @)= F6ax), (Fv Q) H=Fv (GvH)
4) FA(FvG)=F, Fr Fr6)=F

5)FA (GVH)z (FAG) v (FAH)
6)Fv(GAHE (FvG)A (F vH)
FH1F= F

8)1(FA G)= FvG, 1(FvG)z-FAG
DFvT=T, FAT=F

) Fvl=F, Fal=l

M FVIF=T, FA Fel

D6.4 Syntax: Symbols (A) 8 constellation of +hem Hhat are allowed

D6.3) Free [Bourd. voriable: ¥x3y (xy-2=4) %,y 2
Formule. s

D6.5 Semantics: defines fancliers

D66 Interpetaton A: assigns

s meoni

D6.7 Suitobility of A+ A oxfp
D6.8 Trath fundher o (F,k)

D63 Mode: H A (F)=4, then & s o for For o
set of formulas M. Notatioo: JhE Mk EF
S JE ‘ else,

D60 Sodisfobiliky: F
D64 Tautolegy T F =T <> Fis frue ¥k : A sibodle,

D64 Logical consequence: TG, if every Suitab iatecp.of
F,6 thot s a model for Fis also & madel for G lov H)

D613 Equimlcncg: F= G ii FeG ond GFT
F=T <= f=1
{_'F»r/"-:ﬂz EGQ<> FHAAT)=GsT

<> {f,FanGlis L

D6A5 F 6 formulas, then 7F ,(FAG) and (F v G) pemulas

D66 A(FAG)=A <> & (F)=4 ond £ (G)-4
AFvE)=A <= A (F)=4 or k(G)=4
AGTF) =4 <=>kF)-0

@ A<>B= (A=3)A(B—>A)

@ A—>RB=1Av®

AAOD>
202 Qe
;OOx@

exomple

, if it contains no free voriables.
c N, D66,D6.8,
L & free(F) e=> ¢ 0w {»‘res in F
each symbol Aelk a meanina
1 all frz or in F
> §0,43, offon A.(F), frudth saloe.
F noder K —is Fcorrect whA

AQA;@

(Hilbert - Style Calculi)
= M

DE.4F Derivabion rule: §F,.., Tl s G OR % @®)

D648 Applicaion of dec. fule: -Select NS M st N6
“Add G+o M (st i con be reused)

DEAY Calevlus K: Finte set of derivation rules: k= §R,, .. R}
D620 Desivobon: From M in K, finile sequence of appl. of Re k
D64 Corfectess of R: YEM M F = MEF 02 ceqs™
D62 Soundness: MHF=>M-F (Foo fH=> Flef H)
Complefeness: M EF=>M 1, F

Decwodon rules: — Al from . e 1TFFF

~ Logical consequences: FAGHE T AGH G {6 1-F4G;

¥ F ‘-FyG; Fravf FF-GlraG; Y G, T4, G>H} 1 H;
-Derivahion —FrOnn am?‘iy sef: Dee +4w+0|06 ra les
= P& —For‘ CNF/DNF

DELS Syrﬁ'ax: of form A;; D6.45 aﬂ;)ies
D62k Semankcs: See D66

DE6.25 Litecal L+ Alomic Formula o ne O)ab'or\ Heeof
D696 Conjunchte Norwal Form (VF): (Lv Lv-)A (Lo JA--
D627 Disjunchie Normed Form (DNF): (LaLA. Ju@a-)v...
T6.4 Ever7 formilo s equivdeat to o CNFRDVF formula

Ex. Gien T calwlate the truth +abe: Row e.g. (LvLv.))

CNF-  Cdculation can stop if fowd false row
DNF: Calculation can 6top if found Frue vow

Ex. Prove +hat the reoluton calculus is ot complete.
Let T=A ond G= AvR. le krow FEG But we
cont desive KA vB) from X(4) using the fegdlufion caleulus

(sound, but incomplele)

Used to prove unsohsfiability & logica uence.

(soce MEF is rue<=>Mu {ﬂ-’? is unsaﬁsfiable)-%m\as in AN

D628 Classe K: Gt of lterals, eg 8, §A,8,7D3or (Lala..)

D628 Set of clanses: deacied K(F), K (M) uion of all K(F)

Emfpf"7 clange s L, Emply set of clouses is T

D630 Resolvency: K resojvent of K, 8 K, if 'H'Uf centain

ltered LeK, 1LeK, and K= (kAU (K\7L})

Ex: Resolution steps hae fo be §1A} $A, B} $38,A3
carried out (o by one. For corsistecy, S5A
notation: ({K,, K3 k.. K; Resolution caleulus /{A}
nokation: Res = $res} < o

The resoldion caleulus is vound: e, K => K EK
T6.6 Set M unsatisfiable iff HM)E &

Tip: con de ity usefn) (st gt L= res ook

De.2A Syntax: % :ieN; £ 6k eN,
k is # of arguments, f k=0 § constant; ?,;(k))'
t; (vaciables & funchons); N defined inductively
: Predicates are atomic formulas, 1)545/ ],)C Fisa
formula, so is ¥x¥ oand InF
D630 Closed fxmula:  contoias no fre vaciobles <=> all vae
arte bound, ie. ore in focmas of form ¥ F oc Ik F
D633 Subsituhion: F[x/e] affes replacing ol free x «f term & in F
D6.34 |nterpretation: aka. s a uple k= (U, 7. E).
u (rbn-ahP‘f’y); ¢ function assidnina Janchons ‘FA.;
¥ 4551305 redicotes rp’“ ,‘5 ass s fee variables
De.35 6ui+o.,b‘di+7 c\{.wb all —Fuﬂdiorxs, predicates, free
vaciables afe’ defred =k is suitable
D626 Semantics: Value of a term s defined as
K (6)-E0) f il A(¢)=0 D)) () F funchon
ruth value of a formula A (F)= ey
(Pt‘cdicod'e, lfc,(Vx 'F}= {/1 'gu‘)*, V(p)(i}?)cjj)lfor i]}k)) if )
A (3xF) 0 eke BTE () o, -
For Oﬂy -Formulas ?, G &H, x not .Freg in #, we have

A) = (Fx F)=3x~F 6)Fx3yF= Iy I F
2)7 (@ F)= ¥ F ) A1 (FAH)
3) (fx F)A(Y x G)= ¥x (FA ) STV H= I Fv H)
4)@x7)v(@x G)=3x(Fra) 3 ExF)A H = Ix F AH)
5) Vx¥yF=Vy¥xF A0)ExF)V H= Ix FvH)

'Replocina a subformula of F with equiv. ore, T equiv ¥
For form G Wloy), ¥x =Wy GIxAL, 3x G=3yGlx/y]
DE.31 Rechified form: Formua o which no vaviadle is bound
and free and all wriables affer Quantifies ate distnet
DE33 Prenen form: Al quantifiers are ot the frond
T6./0 There exists an equitalent formula in PF for exery formula
Any formula F, any ferm &, we hae Y F - /L]
Té6A2~dx Vy ('P(X,y) <~ ‘[P(x,y))
Ex. Prove ¥ (FAG)E (WFAG. Leb FRG be any
suitabe formulas. Leth be any Shuchie surtadle for
Vx (FAG) andt (IRFIAG. Assume ik lx (FAG))=4

= ./{:[*_WJ(F"G»‘:A «f‘or an7 UnE
. S

<= (’t[x—wj (¥) ond Ué[i—ﬂﬂ (6)) foc any ass;% .

<= ,A‘(V)\FJ and A c—>tl] (6) »fo(‘ anyue ke

Caset: X ot 022 0 G then #zoe. have . (6)= Ay @)=

Coce L2 X freein 6, then x free in (xF)AG. 1 A is suitable
it defines x e U™ Since @=4 (2, in pascticulac fo(‘ w=

045[;-9,4#_] G)=4, so A(6)- 04:[,_,,4%._] (6)=4

\l Therelore, AKF)=4 and A(6)= 4> l};,(\?‘x?)/\ 6)=/l



nhes

D6.4 Proof system: a quadruple T=(OR T, 4) » aSSS;

—s €S statement -T: $>$043 truth fundtion i
-pe?P proof - 8: SxP—> {043 verification funchion
D60 Sundaess: No folse Shotement hos o proof, ie- if

s €S for which 3peP with @(sp)=4, we hae T(s)=1

D63 Completeres’ Every Hrue statement has a proof,ie i§

Vs €S with T(s)=4, 3p e? with B(5p)=4

D242 i} =T and T=>U
are both frue, thea S=>U is rue (A>B)aB>FA>C
D143 Prove $=T by a&mn\'n&

S ang rprovina T undes +hat assomphon

D24k Prore S=>Tby assuming T and
pro M'r‘g 1S under thot assumflion. 1B—=>14 E A8

D145 Prove S inding R, Proving R ond
+hen rprovina R=>s. AA (AﬁzsfFBa d

D146 Prove S by findiog o ligy R, Rn

(caus)lproma ore ¥;, Show Ri=>S for al R;
DLA? Assume S s false, derive
Stotements” from S unfil we reach contradichon

DL48 Drove S is frue for ot leask one €%,
if true congiruchie, otherwise non- construchive

D143 &t of n obects it into k<p ek,

ot Jeast coe set contoias 1] o£:c+s_ ¥

D1.20 Find on example where S is notHrue

D2.21 Prove  P(0) (Base cass),then prove
foc any n Pn)— P +4) (Induchon step)
T2.44 D) A ¥ (Pl0)->Pl+4) => ¥n P0)

To list dll models of a set of formulas, all hate 1o
evaluate 4o true. (he frudh table.

e con replace vociodles described coth quanthas
whed transforming e.a. info  preney. form  with any other nare

F sohsfipble , xF=1: F=P(A Py)  Reason: x will ot
Some. point equol v, hence ?L\;)E'I'V(y) “>contadichon
Funchon table approach for CNF/DNF ' simpy
compute toble, Fnen Hnd  appror love funckon

Complete, but not sound Caleulvs: £3+F

Universal Instanbation: ; T EF[x/E]

A is same structus A, but 6l § () are

[x—>] replaced with uC(gLi)=a)_ Ms&f‘él to eliminate
x and 3x. See D E36 for more details

Free Symbols in pact affer A or v in cases ke
P (4)) A P x in f(¥) is free

=>More. on P6!

Seks, relations  and  Funchons

D34 Cardinality:  Namber O-F elements 10 the set

3.2 E—qmmy: A=B =2 (x eA <>xeB)

D2380bsth: A B =5 ¥x (x eA—=>xe€B)
A=Bs=> (A B)A (Be A)
AcB A Be =D AcC

DL Union: A UBdg {x |x e AV XG-B} o a colkechon

Intecsechion:. A deﬁ S | x e A A xeB} of sefs
D36 Difference = B\AL! {xeBIx¢ A
134 For any sefs A,B, L we havwe

can be extended

AnA=A; Au A=A
AnB=B0A; AuB=BuA
AaBac):@aB)NC; AvfBuc)=luB)vC
A0(AuB): A An(AuB)= A

AN Bul)= (AnBu(AnOi AvBnC)=@AuBa(Aul)

ALBL> AnB=A<=>AuUB-B

Dg_g EmPf)l st g ofr {zumqua/- A (A_C.—_A)

D3.7 Power skt PAE {55 <A} Gt o} al subseks of A

D3.8 Corteson Roduct: AxB= §(o,b)|laeA rbe B
apb=b)ep 1A <B|= Al 18] (fin.cets)
128 Reledion: p from A 4o B is a subset of AxB.
if A=B, then p is a Telalon on A a be
D340 |gentity Relotion: id,={(a,a), 0 € A} fF 7 ;J
Relabons can be represented by matrices. ¢Lo 7 ©
D241 Inverse: PE {(b,0)|(a,b)ep} al (-p5 apbe bpa
D342 Composifion: p o % {(a,e)| 3b(ab)ep A (b,c)e ol
P°(00¢)=(Poo-)0¢ f{}=f3\°9 (inverse. )
D342 Reflexie: o p o fue for ala €A, ie idcp
D314 Jreeflerive: a p o
D315 Symmeh"(c-' apb <=> bpa fobéh ie p=p
D3AE Antisymmetric: apb A bpa=ra=b Vg behA i.e pnps id
D347 Taansitile s apb A bp ¢ >ape ¥oybeceA en 1)

Relation trancitive <=> p*& p,; D318 Trons. dosure P*=U(J;}
6

PL:POP neN

D349 Equivalence. relation: 0 Set Aronsibie, ceflexive and symmetric

D3.20 Equivalence class: [a}edgf‘[béi‘c | 560} for Oon A, a €A
Infessechion of fwo equivalence celdfions is  ore

D224 Poshbon: §NS;= @ for i=§ (g-‘q, =A for T index sek

D3.22. Quotient sef: Sek of eq- chasses. ,Ié/edﬁ{[a]el a €A}, Amod 6

T3M A6 is o pactition of A
ex: empy relafion symmetric & anisymmetric

for al aeh e id n p=¢

D323 PorHal order relation: on set A, reflexie,
+ronsitbve, anhs,mmeh‘ic_ Poréicl ocder ﬁ-’Posd' (p:\rh'ally ord. S&)
D224 Compasobility: lf ogd or b<a for poset (A;#)
D225 Totaly ordesed: Any tuo elements of Poser comporable
D326 Covering: b covers ‘o if a4b 13 ¢ (a<c A c<b)

D32% Hosse diaatam: Directed groph —
of Pos, rertces ve A, ‘
(0, b) mean that a covers b m‘:{:\\; ?

—Latice if single min & mai NSO
D328 Direct product: (Aj€)x (8; L) (A*B; ), where
< given by: (o, by )£ (04, by) & a,46, A b, C b,
T3 (A} i)x(B;Q) 15 o Poae+
T3.43 Lexicon?Hc ord&;éf_élq\ is posek, given by
(04'b4) élex(aszl> > 0,40,V (a7a, Aty L bz)
D323 Special elements: Let (A;4) be poset, ScA
— o€ A min[mak element if ZbeA st 540/9\%7
% |2 aeh kost/greatest el i agb/bia Ybe A OO
aeA lower/upper bound of S § osb/bia ¥beS
é 0 e A geolat lowee[feast upper bound of S, if @ is +he
S 6rca+es*%ecs\‘ element- of the set of [ /u. bounds of S

D3.20 Well-ordered : Poser totally ordesed % exery non-emply
Subset of A hos 0 lask element.

D324 Meet : (Aj4) paset, §a,btcA have g1 bourck
doin: Oppostte of meet; Sa,blc A have |u. bound
D322 Lothice : Poser where every element has o, meet
and \join Pune. alwoys hove meet: h(\ﬂ)'—f)td(«(":ﬁ)

P4V ( U /

133> Funchoa: ‘F’ A—>B, A ,B is a
relohon from A +o B with +he special preperties
Fo€A 3FbeB afb
FaeA tobeB @fbrafb — b-b)

D324 Seb of funchions: st of all AR B
D325 Packiel function: A—=B such that 2 in D233 holds
D236 Image: F(SE §H0)[a &S, Sep , 4B
B3 Image /range: f(A) < z’?, denoted Im (f)
D323 Preimage : f~ (% facAlfl)eTs, TeB
D323 Injechve: if a# b, then @)+ 4@, .
Sujectue’ if YbeB oA $@)=b
DI 40 Invesse ‘F4 for 'F bi\}e,oh'l/e/
)i § sur jeche

For 'f"/’f'?B and g:B2A, -f—in\')ec'ﬁvc i
D344 Compasifion - (3 of) @)= g
(hos)o‘f = h°6 o ‘f) (O..Séocio:ﬁvc)



DBEL () Two sehs are , A~B, if thee
exists o bijecton A=B
A, AL B, f A~C for C€Bor
if there exists on injection A—>B

A s ff ALN N s countabe]
()equiy- rel. M ASBABLC=>AC ALB=> AL B

T34 ALBABRLA=> A~DB
T347 A set is countable #f it is finite or i A~ N

Defre ;5 as +he j-th digt in the ¢-+h sequence
)= D(.c'o,Ni,A/,.\.- e fu.r-H\er define &= 0. Now, we
toke ﬁ= 6’0\0 ®aa - From ths de foition, it is clear +hat
B is diffecent from all f) sy at feost 4 digit.

=> Proves un couni-abiiHy

T34 A~ N T348 04T T343 Nx N
AB courtabdle, AxB countable
T399 (i)Set ot n-tuples A" countable
Union of countably many countable sets
Set A¥ of finite Sequences of elements of A
7325 $0,1% is uncountable
D344 Fooction £: N—= $0,43 if exisks
program that out puks () for every ne N
A= 140,103,143 B =560,4,0,50,0%,4, 10,03 7 0.0 {07
ACB, A2B,Set eptries are unique (no duplicates)
Number o} ... relakons an set: |[AxA\all pairs +that don't
sohefy .3z b. Then 2° = follows from remark in D38

®

He.ssen%allg is a listof unique Pairs, reachable. Form:(a, b)

L p= 2(0, ( C),(b, Q)} on ZC\,b, C:g a b ¢

(ab), (@ ¢), (b, 0), (0,0), (b, b), ®, c) g I

o Chained be. 4 4 4

;‘ g‘ g ‘g el.onet c|0 0 0
o e o . (repeotobe upfo o Himes technically)

ble. only if poset operaton agplicable in any of the #wo
direchons
Poset: Set  with portial ordes "attacked-> o prove, prowe. that
Packol ocder s a such (by tshow}né reflexivify, .., see D2.23)

Ast. AnPP)PD: A=30% or A= {13, {133

p>: Compose pop, then onp | Mo, ex.
Notahon: |U =, means check both | and=,| ON T5[E

Number of elements of [P(A)= 2*' [%x | join lem, meet gcd

Alp disjeint equiv. dasses: Not comected +o other €l
Ex: §¢42), @), @), 3,3)} has 3423, 53} as els of Alp

Numbes ’I’heory

D44 Divisibility f alb (say a dvides §), a-c=b.

c o b of a. kb & ot di
TtA Yo, d40€Z Faref(a=da AO& rz_ld\); 4,1 nigue
D&Y GCD: d= GCd(G:b)f‘-—;ySdla/\d bate (<o aclb)—=cld)
D45 Relabwely prime: ~ ged(a, b)=4, ged )= ged(enRm(0)

cd(m n-agm)="gcd(m, n) for any m,n, q €L
Dh4 Ideal: (2, b) det {ao\ +oblu,vel}, (6\)6'5’F Sualu GZ}
For 0, b € Z +here excts d st (a,b)=(d)
f @,b)=(a) then d i o ged of aond b
for 0,b#0e L Ju, el s+ geA (a,b)= narvb
Db5 LCM: £=lem (0, b e A b|£/\\7’m((0~|m A b|m)—>4|m)

Dx.6 Prime: P<N if the only positive divisor of P is 1or p

T4.6 Every Positive in con be written as produdt of primes
We an write o=T; Pt and b=T, P => ged (o4b)
=T, €4 ang Temlo, b)=T, A"Ee%) aii(ab): kem(a, b=

Every composife (Oon-prime) int  has a Vprime div. z/n

D43 Congruence: o cong.fo b modm: qub‘éi@ m|(a-b)
m2, =m is AN equivalence. relohon on 7.
,'F G=mb and c=,4, atc=pbtd, ae=m bA
-f(O,,, sy ak)EM'F(bﬂl"'lbk) -For‘ a-i = b{;
C‘Em ,Rm (d)
O =y b <> Rm(a)=Rn(b)

Rm (Flow--0x)= ’Rm (‘F (Rm (04)/ "'I(RM (0*)))

Qx=m 1 has g unidue solubon x €Z if@cd (o,m)=4
D49 Mubplicatie inerse: ' xzpma™”. Bxists if ged(e,m)=4

(CRT)
T4A43 m,, ..., m. parwice relabvely prime, M- Tome. For sy

X=m, Qs st ayor with 02 oj<m; for 4=4,.,F the
e System has G unique solution X coith
=m, Or  OLX<M

ldea: Enceyphion @/ func (hard to invect, easy to calculate)

Ali . aenesator Bob _
Q= ron'dlgrer’\ Aunber in {0,...,13'2] ,g: arge prime 5= rondom n. i §0,.-93
b abd

= %= sb'f*

Shrodeaies for caleulading Rin (X):
—Rewrite into comrpw'ableuv"a‘w
—Find t4 (e how terms have +o be 6P1i+ to yield tA)
~Find mulliples of m
-Rewrite as x=mq+r (f necessacy for individual terns)
~Fue's fotient funchion. See felow

=> lost ﬂ"diﬁi'\'b 'Rdd‘ (X) &_b\/ .-FO( q(/uckens"'.

=> check f bose is immediately -4 oc 4

Mulbiplicakive inverse 820y 3
26
CC|(3:25)= bockuwacds: %-8zgc 4
euclideon 26=9%3+2 => 2=26-83
algorithm((3=12+@ => A= 3-42=3-4-(26-83)
=9 =3-126+ 33
&i®o =33-42¢

’RQAsinS on odd numbes 4o GAY Power = odd number

For £:Zm Ly, (0r any othes case where
cordinality is equal) £ injecte = fsucjechve

acd(a, b) - lem(a,b)=ab becavse for all€
e hove min(ew, fe)+ maxlec fe)=ect £ in
a=T 9% and b=Tpdt.
ged @b Tpe®ate), lem(a,b)=Tp" axleafe)
The last dgit of a number: Rip(x)
Chinese remainder theorem ol m; rel. prime!

=>easy q?Proach: kg?li-}' X up iNro N parts. y=01
ex. x=,2, xs, 2, x=51. >when +aking mady, all parks

~

o

X=4-5 +3:5 +3:4 then add mulbiplier to make parks correct
202,27 |[15=, 34 D 4622, 2 <> - =) [ A= 14 M0 4e0=3
Hus X=4-5+35-0 4342286

CO”%F ence  Systems Lrty 23 A 3x +2\;-=-6(f
add the congruences: (@y +y)+(3w+2y) =, B+4

a'ypl mod o 6s<+3y-=6?- <=7 ¥Jy=¢4 ¢

check gcd(@,6)=4 2=> no solution, elee solve like SLE

R, @F): Q=40 (s 22,4, <
A(fcwri'\-e, 1 g R, (25%0.9%)= 2" 4

?400 (Sﬁas+...+83°)=0 because 632,04 and

= c=0 <=0

To show unigue Solutions, consider ideal D44

M.it. M onkf gets Yo, and

Foc congruence Sfetm with multiple vors, use add. -
method +o eliminate a  var. Then, subshtude back
+o wolve normal[\/_



Algebta

D54 Opem!hoh-' on set S F: Gn—>5, nz0

D52 Algebra: pair Siy, S (set), Q& bst of cperations

D52 Nadrol element el € st exa=a (eft)] ate=o (righ)
(5;%) can oaly have ohene. Kboth e and &, g=ec

D54 Associedity: binory op # ifor(brc)= (cxb)kec FahceS

DE5 Monoid: {M; %, &), % associabve, e neutral element ™7

D56 Ierse el: beSst. bra=e (eft) [ an b=e (right). f both ‘invece.
Mi#),0€M, o has only one iaverse ~ Grovp aroms

D57 Group: G #,Ae) ()4 ass. (i)e ne (iVae6,ink el & exsts

D58 Abdian [Commualie: a*b=bka Ya,beb

-
&xb=bx0 bra=Ccxa=> b=c
G*x=b and X+ =5 hawre unique Sojubon

axb=axc => b=c

D53 Direct 'Produc+: <61x "‘G‘n/‘°>/ (@,...an)OQ;,,...,bz)
= (04 *4 bA 1 Gn *n bn) ‘DrP n.e. & inv. COI'V\P—UJ"SG/ (
DE. A0 homomorphisn: ¥ G—H if w (a4b)=p@)+2 ()
b f®16v1mu ssﬂ? G&?}fﬂb{j&dﬁon From é‘l'o Hﬁf_;')"'- in #
Group homom. satsfies ()ple)=e »@6)=p0) ¥a
D5M Subgroup: HE G, # clesed under: (1) as b (Ve (2)a Va
D5A420rde™ ord(a) is least m2A st. a™=e. fno m, ord(a)- oo
In a finite roup G, every element has a finite. order
D543 For a finite groop G, Gl s jg; ocder of G
D544 Group generated by a: op= {o"IneZ}; a
D545 Cyclic: group G=49, §€ 6,
Finding gererators: {,,; ®): all elements’ with ged(o,m)=A
(T; ©): ~coleulate order of group -¥ Aord (6) check it o=/
if a is nota generator, for e.g. ord (G)= 4, dé{",'lﬁ,&dég,
we only need to check up fo ad=A,where d set o} divisocs
157 Cydic group isomocphic. +o (Z.,;@), #hus abelian, order = N
T58 Lagraige: If HEG, dhen [Hldivides |G|, G finite group
@ fin g ord (a)|16] Yo 6 a'9-e Vaeb
ord () pime, Geyelic, ol p+e € G gererator
D546 Mulfplicatie group ZRE faeZ,,[ged(o,m)=a],
D547 Euler function: P(m)=[ZX] (if m is prime) PEPe
T, PE i3 prime fac. of, then pm)=TL, (e ~A)p™ ™"
T543 (2%, O, (.4 ) is & group -
¥m22 Yo with ged (,m)=4, o™=, 4. In pareular
¥p prime, #a £p: o’ "=pA
T4 Zy s cyclic #f m=2, m=14, m=p® or m=12p% where
Pis an odd prime and e 2/
Zm %ln aqcl;c <D écd(r«,f\)=’l ; For any order, \')us+ 1
non- isomosphic, cyclic froup be. T&F
A’ﬁy &Abe\‘w\? ot a r_\,dfc. subsrauq) [Cs" clic

T546 G fin. - e €Z with ged e, |6I)=A.Then x> x* is &

chon ahd +he unique e-th root of y € G,iex&=y,is

bije
xEyd, d is the mulbplicatve inverse of € med 6], e-d= 4
=> without |G| #'s hacd to calculate +he e-th root
| noecure

P9 Iatéhcpre,'mgs Icham\d Bob
n=1>-c5
F=(p-1)(g-4)~ ()
select e e 7, e | m= message
dE_‘c e <_Y_ =R (me)
=Ry (c9) c=R,

D58 Ring: Algebra for which:

R +,-,4) is o commutative group

Ry -, 4) is o monoid that o

a(b+c)= (ab)+ (ac) (left k right distribudive lows opply)

Oa=a0=0 (i)(e)b=-(eb) (i) Ca)cb)=ab
R s non-rivial, then 41#0
D543 Charocteristic: ord(4) in additive gr. if finite, else O

DB Unit w: if #o=0u=4, e u-u Setof« o R: R¥
For aring R R is a muHiplicative group

Fndir? units Find all elements a 'st+.gcd (@, m)=4
D521 Dvides: alb # 3c€Rst b=ca.a of b
if alb and ble, then alc all nop-zero
el divide O

if alb, then a|b-c Yo e R
0592 ngaqlﬂz i m@f'i(bm)
. C in as n .
D592 Zerodivisor : cﬁﬁo it ab=0 for some b#0 T -Fz(e,(lgf
Finding 2D all elements a€l, st gedm4H0 /
D524 Integral Tomain: Commutative, non-trivial Biag, no Z.D
I alb, then ¢ with b=ac <>c=g is unique.
D525 Polynomial aly) over R: al=2% a;x‘ largest
£# 0. It all <=0, then (a(x))= - o. oet o'F P. over R
594 For any rind R, RIxJ is anin
! 'D[;z jn+§3ral Domain deﬁs (P P, W)= deg(Pulx))+deq(p.¥)
units of Dy constants pal- Dy =D
F*=F\{0}
D526 Field: non-trivial commutative ring, every non-0 el unit
T523 Z, field iff p prime  T524 A field is an it domain
D597 Monic: polynomial alx) if leading coefficient is 4
D523 Irteducible: deg @(x)24; if aWeFpg divisibe,by a
constant™ o~ constant multiple of a N only
D528 GCD: monic. pol. of largest deg s+ gllal) 4 g(x)[b(x)
T525 For any oly) and d@#0 in T, there exist anique
ql), rG) st all)= p-ql) + &) and  deglrly)) < deg (i)

#n K subgroup of G, HuK is not; for H K subgroup ofG
Order of Z%,= 9(m) by D EA

D530 Associates: In Inf. Domain, avb f a=ub for wme «
15.57 |rreducibility in Ik Dom: non-unit p e D\jo} i for P=ab,
either o or b s o unf
arb <= albA blo
D522 Euclidean Domain: Int.Dom w/ deg- 0 d: D\ — N st
Foc every o, b+0€D Jg,r st a=bgtr, d)<db)or r=0
For all non-zero o and b inD, d(e)< d(ab)

T527 In a D522 every el con be fackored uniquely (up +o
taking associafes) info irreducible elements

Polynomial erduation is compotible with the. cin

- f e®)=a®)+b), then c(¥)=a@)+ dK) for any o
- c)=aX) bK)then c@)=al) () for any »
D533 Root: Element xR for which a&)-0
Tield F, x e T is aroot of alx)e> x-n dirides alx)
alx) of deq 2or 3 over field F imeducble iff it has no resk
T521 al)eTp, d= deg @) hos at most d roots

alx) uniquely determined by d+4 values, i aw),-» a(0y,.,)
for any distinet o) 0geq & F

% C’J'Ps-.

Congruence mod m(x) equir. rel on T each equiv. class
hos a unigue represenmh*/a of deg < dcs(m ®)
D524 degm&)=d Fidmu {a()eF|deglafx)<d}
F fin. feld w/ g el, deglnx))=d, +hen |F["Jm(x)|= q4
T[x]mt cin for addition, muthplicabon mod mx)
Fidhe = a0 ETFE, i) ged(aXhm(x)=4 -
T53F Flxlngy is a field iff m () is ireducible 1, 5 F~
T5238 |GF(q)l=q-1 for q=p%, p=- prim, e24
Galois -ﬁ‘c'd with g elements, = Pnite felds

D535 Enceding function E(n/k): mapsﬁk to A whae 0>k
Code word: Result of £

D526 ECC(n k)¢ |Al=q i asubset of &” of cardinality q*

D53% Hamming distance: umbes of pasitions in which oo
sfrings over A, differ

D522 Minimum distance: minimal Homming distance of 4o
codewords of an ECC. L

D639 Decading funchon D: for (0, k) encoding fa, Dik —>A

D540 t-esror Correcting: D((G, -1 T-1))= (a, ., O for any
g-o,---,;n—A)é)/_ H:W"' diev‘w\éhq at most ¢ from £((dy -G,

- co 1 o =

whecrg’l)e o) tl?errorergrrec}ir\re "% *3ED with Ceim €)

T5.44 C ol min.dist. d is t-ec iff d>2t+4

TS5.4) Let A= GF(Q) and let w,,-,;,.,EA, The enc. fn.
E(©o, - 0iA)= (6(%), -, a(n-) where a(®=a__ x4, ra,
This £CC has minimum distonce -k +4 A

For minimam distance, cant be between itself, Oﬂfy

berween \teelf and another elemen +




Mulbiplicative inverse. of 2 +4 in GFBx)a,,y

CtIxtd= _ x  xXP44 + %44 (§+2)7x+/1=(x1+4).—.i
— - (% +x

X244 = (x+2)(x+1) + (2) X +4

x+ A= (2x)@+1
Roceed as with numbess:
A= (x +4)-2x2 then substifute the, 2 for
the tronsformed second eqaation. Repeat, simplify.
- (exet)lotedee et 28t +4)
=0 in 6F (BXhs1a,4 14
= 3+0l=0,, 1 X3+ 252 - (P4 2x+4) 22495 14 D% w12

Fuler's totient funchion @(n) for 4£n <400 (see D5 47)
213 5

Example : Encrypted Peo of ronalddump@ipotus.com
RSA 1S 2. %’ublic, J:e;/P (N, e)= (233 154)
Do 'u;:, foctorizatson ?[oc,; namber), e, n=P- q: 293 4323
-Compuie. group order: |Z5|= @(n)= (p-4)-(q-A)=s2-29 =
_A‘cj'di'f,_a Ql-o T546, we chtrL de( ) ((g'hc) ) ss)w:r?;iz’%w%fgy
finding he prirate” key d, which is the muiplicative invense of
e=A4 med |Zf| ie. A54 mod %%
-This fask dlready provided the mulhplicative inverse in
the hnt: A= A5A-F-4264, ie. 454 d=gg A
A=A54-F- 4064 => 4513245, A=
—Decrypt with &
X=p O <> xmpqyll &> Kmpgq ME <> X423
The genesators of o group {Z,,, @ are all elemenks
of Z, that are  coprime +o 1), ie. ged(ain)=4
=>a is a generator — ghernobively: (@lso see D545)
According to 158, Hhe subgroup's order must divide
the groups’ order To find generatar, simply check. the
ordesr of the groun @Enerated by ey x and if
7(ord(<x> IOPd(G)), or ord(ex>)=ord (4) = x Gmer‘aé-ar

#Hol gan of gyclic gp: N foc n prime

#of Teodv of Z,: tumber of mulsiples of all divisors
in group. Othewise: N-Wnj-4 (-4 b no 0)

#Funiks of Ty $O0)  [Findgpwinel: LEY
ECC| Minimum  Disfarce:. (rte os malrix, fofig the

1 4 613|880 |54 states

OlA|A2|2|4&|2|6|4]|6|4  +hat we can
oo ¢ |e|6|8|8 €6 43|88 compute €
20l2[10[22] 8 [0z |asla2]28[ 8 U} ;h‘;\f”“-
30|20116 (20|46 | 24|42 | 26|18 |24 | 16 {’ad-ors, PN
404012 |4 |20 24|22 |4€ |46 42| 20 <~ ¢ (50) (Pi-4)
50|31 | 24 |52 (18 |46 [ 24|36 (28|58 | 16
60 60|20 |36 |32 [48 [20|66 |22 |44 | 24 (p(r-m)=n)- Pm)
0 (70|24 |32 | 36|40 [ 36|60 (24|38 |22
80|54 |40 |82 |24 |64 | 41 66 | 40| 58|24
30|72 44 |60 | «6|72| 22| 86|42 [60| k0 = €(A00)

‘Findina otors: Epaluate +he sets gererated by

the sef's elements. When the et is equal, then generator
Exampe: Find generators of Z:;. Z:; <{1,3,5,3,1,13}
)= 543 L {3)=$A3,5,34 A%3,45)= $4,3,5,8,44,433
(8= a4, a>=4,843, <@>={4.48]

hamming  distance. (pumber of clements i ffering).
Minimum dLsi-aﬁnce, is +he lowest nu”fw>0'5 dl‘ﬁﬂ'lﬁé)

ord(T, 6))= lem(crd (@), ord(0)). Order of permutaton /
transformahon is number of hmes i+ has +o be ap lied
to reach He srart aﬁan'n.

Fadering info irredacible polynamials = write a5 product of
imeducible elements: ¥+ x+4 = (x-2) - (x-&)=, (x+5)- (x +3)

Nomber of Isomorphisms befween tao cyclic groaps
O{Ofdel‘ Al LQ('f(p)'-‘-'s

Number of Subgroups: Far cyclic grovps, we Enoc
HI|l6| (Logrange Heoremy. £.9. (Zp; ®)- From TE. 7 follocss
thot ewery subgroup of L, of n dements is anique.

De compaz. €0+ %557, How many exonent combinadions
ose e 30,423 for 2, 0,43 for 3, 30,43 for &
Thas: 322 = 42, —> right!

Better [Easier: T ~function : Nl ber of divisors of number.

Each divisor generates a Subgroup (except numbe- itself).
= M sub Srmpg,e'\ 2% s o1 =

for o ¢yclic group, e-§. 2y, e Subgroups are. def
b7 dJVIwQ QF ,{4: ZO%I fO’ ?%[ 50121 41618, ’{01/12'3/
50,42,%,6,56%,3,3, 4044, 42,43,44% Length of sg. is o divisar.

Group is0 morphi ¢ +o<Z4z') 4—>:<Z$-,+>x<ll",+>
Lt OfF U ra‘Ps-,AU 'POS”)E subsets o.{- groap. 6.3.
@, + )L, )7 §00),04),(40), (U] (s & all swbs)

Eue(\/ Group of prime order js cyclic (see )

GCD ot olynomial: Find roots of one poly. Check it
other poly Svres same roots. GCD= the oot ‘W‘j

don't shace. Respect the mod!

Homom/?\‘q)hismf i ve need to &Para‘re ferms, - g.
® (00 4), then we can: ()% ¢(a) (bj LSw'l*)'d\i(\g op o
Gccond %FO w'\s O@ (¢' G'—> H) <6l o, A/ €, (4 <HI *, A/C*>

Proof for valid formaon using rsolution caleulus:
Shoco *hat 1F 5 invalid / unsatisfiable

Order of element in group: ord (x") in ?RM=’CMAM10)
Order of two elements in direct product:
ord(A, &) in B = lem(ord "), ord (<))

List of elements not a gen. usually includes O

To rewrite Polynomial as icreducible ones, find rosts
To find m() s+ field has n el: [534 & 53

Cyclic aroups of same order are isomorphic

Nambe of subgeplset  of dired prod: ZmxZ,
> pcd(a,b) “conere alm s the set of all
almAb|n divisocs of m. Sum of all combin.
Exi m=2,n=6. Glm=$47}, bIn={423} then sum is:

> ged(,b) + 2 §ed@ib) = 4+6=40
b6 ble
for any kind of fundawental proot of group

progerhes, D52 & L5.3 ase very handy.

lsomorph groups share same. order

G cyclic => G abelion, only single-sided impl
gcd of polynamials: opply euclidean  algorithm
Ireducibility of Tolynomiols:

- deg 4 olwoays wreducible

- deg 233 it no root, see C520

~deg 4 it no roof or factor deg 2
-de§& if no root or focter deg 2 (3




S@*’ -H\eory wnign
Tronsibve closure P*: relotion pU with all transitve

clements . If not present, 0dd them. 4 2 3 - 4 ~dlias
Exanmple : \ﬁd A:P{é, $013, thus PA)= 53 SAUPR A3

p=4(2.50Y), (i84, A), (A, OB} Metrix repe of o*

p=§(42),(2,4) (431 Additonal = 4 4 4
ele ments +hrou?h +ransitivity: o O 4 A
D & (2.4)> A4 © 000
(44) & (43)—>(1.3) 0 0 0 1

(2,4)4 (6,3~ (23) St dso 4 doeon pote

Logic

CNTF 8 DNF: Mot matualy exclusve. Uone if de
Morgan. Both if only v Or A becanse could
be o dino\c con—/dieound")O/\, A,B... could be
literals . Examp\ci AABAC is in CNFRDNF Gs
opposed to just CNF). Read corefully!

Equivalence Relation & partal order rel. o non-empty sef
&= 03, p= 5@ 2} or $=1423, p={(44) (223=d

To prove transifivity under assumption, consider
L3.3, then oassociedivity and +he assumption

We con transform et expressions into logic
ones usiﬂﬁ ?redica'fes ;A= xeA. Then troanslate
AUB e AV R AnB=AAB) ABSAAR

Tronsitve sefs (commonly) inciude (a,0)-style els

A derivaton rule is not sound if there exists an
in‘rer'Prd-aﬁOh for which LAs. false & RHS. +rue.
e can check with table
lohen derwin formula in caleulus, can pick symbals
Gr brh‘ar)h) from np Ut Examcple'-
{F, QA tg, TG
{F>a)—>H, (G>H)—>F>6l i, F>H
Derive C—>A from A, B—> A,C—>B} in the calculus.
$(C—>B), Allg, (C>B)—~A (F=C~B,6=4)
{(B>A), (C>Bliky, B>A)—>(C=>B) (FEB>AG-C>B)
{(C>B)>A, B>A>(C>Bl kg, C>A (F=C, 6=B, A=A)
Further trick: start of last step 4o find steps!

Bounds Can determine using flasse diogram
({Al ZI‘S; 4161 8/ /'21 7'43' l) 14 &6(. BI.IMOX
any subsetr here has lub o

and glb. \ 0

Example: {842} has lower 6 4

bounds 4,2 & 4, where & gb. | |

lub is 24 in Hhis case 3 P

This poset is a lathice A <— min, leost el

Countabilily groofs: Look at Theorems [Lemmas
on P3. Foc example, p¥ is a union. Use T2.22
and Wl induchion +o prove p" is countable

To compute explicit ¢° consider drawing graph and
Bnd all poths of length exacty &

Mumbe Theory |

For poimality proofs use the fact +hat any prime
P>3 cant fulfill Ralp)=O. Then show that

Ryf®)# O because +that implies divisible by 3.
A"P)le) C44 to -F’ So if ?3(?)=4 and —F:'PQ,‘F”F

For any True |False Quesfions
tink of short (potentially infosmal) proof

Jush 5‘7 each step!

Showing equiv. statement D8 @ achdly @<= @

] Just wonted +o add g remark as to how massie
of a waste of fme having to wrife o chear-shest by hand
. W Yook me in excess of SOh fo prik this one.
(write temibly sbwly by hand and | also hate # tee-

mendously. We o CS-Stadenks 0nd LaTeX is the best
Hpesetting ool Cor Texin gerecd) Why et allow Hatl:



